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I THE PLANE WAVE AT 
NORMAL INCIDENCE 
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T h e  f a r  s c a t t e r e d  f i e l d  o f f  t h e  a x i s  o f  s y m m e t r y  o f  t h e  d i s c  
i s  found  fo r  a  h igh  f requency ,  ha rmonic ,  normal ly  inc iden t ,  
p l a n e  w a v e .  T h e  m e t h o d  u s e d  i s  d u e  t o  J o n e s  a n d  i n v o l v e s  
t he  so lu t i on  o f  a  s i ngu la r  i n t eg ra l  equa t ion  o f  t he  f i r s t  
k i n d  f o r  t h e  f i e l d  o n  t h e  d i s c .  T h i s  i n t e g r a l  e q u a t i o n  c a n  
b e  c o n v e r t e d  i n t o  a n  i n t e g r a l  e q u a t i o n  o f  t h e  s e c o n d  k i n d  
w h i c h  i s  o f  p a r t i c u l a r  v a l u e  a t  h i g h  f r e q u e n c i e s .  I n  t h e  
p r e s e n t  w o r k  t h e  k n o w n  f u n c t i o n  i n  t h e  e q u a t i o n  i s  w r i t t e n  
i n  t h e  f o r m  o f  a  c o n t o u r  i n t e g r a l .  A  s u i t a b l e  c h a n g e  o f  
unknown func t ion  then  produces  ex tens ive  cance l la t ion  and  
y i e l d s  a  s i n g l e  f u n c t i o n  f u n d a me n t a l  t o  t h e  p r o b l e m.     T h e  
d e t a i l e d  c a l c u l a t i o n s  o f  t h e  f a r  f i e l d  g i v e  t e r m s  w h i c h  a r e  
b e l i e v e d  t o  b e  n e w .  I n  e x e c u t i n g  t h e s e  c a l c u l a t i o n s  s o m e  
i n t e r e s t i n g  r e l a t i o n s h i p s  b e t w e e n  t h e  t e r m s  i n v o l v e d  a r e  
























Diffraction by a circular disc has received much attention in the  
past  due mainly to  the fact  that  i t  i s  the  s implest  di f f ract ion problem 
with a  f ini te  dif f ract ing edge,  and can therefore  be used to  check 
theories applicable to more general shapes. The problem can be solved 
exactly in terms of spheroidal functions but the resulting series are 
dif f icul t  to  use ,  par t icular ly  a t  high frequencies .  More recent  interest  
has been in high frequency work with most approaches being through integral 
equations, though Keller 's Ray Theory [6,7,8,9] is based upon physical 
optics.  Levine [10] and Levine and Wu [11] modified the kernel of the 
standard integral equation in order to use Wiener-Hopf techniques. Keller's 
Theory and the approach used by Levine and Wu are applicable to problems 
other than the circular disc but they both involve approximations. 
 
An entirely new approach was made by Jones [1 ] and it is this which is  
used in the present work. The method involves the exact solution of a 
certain integral equation, the uniqueness of which has also been demonstrated. 
Jones found the high frequency scattering coefficient for a normally incident 
plane wave on both the soft [1] and hard [2] circular discs, and later 
considered the electromagnetic case [3].  In the present work the far field 
off the axis of symmetry is found in detail yielding terms which are believed 
to be new. Further terms can easily be calculated if required. The results 
are compared with terms calculated by Keller.  
 
In dealing with the known term in the integral equation a different approach 
is used to that employed by Jones. This term is expressed as a contour 
integal. The form of the contour suggests a change of the unknown function 
which might simplify the analysis. A subsequent contour deformation produces 
extensive cancellation and yields a mare amenable known function containing 
a single term fundamental to the problem. The insight gained by this method 
leads to the solution of the obliquely incident plane wave problem, details 







1. THE INTEGRAL EQUATION 
 
W e  s h a l l  c o n s i d e r  t h e  c a s e  o f  a  s m a l l  a m p l i t u d e  h a r m o n i c  s o u n d  
w a v e  f a l l i n g  u p o n  a  s o u n d  s o f t  c i r c u l a r  d i s c  o f  r a d i u s  a .  S o u n d  
s o f t  i s  t a k e n  t o  m e a n  t h a t  t h e  f i e l d  o n  t h e  d i s c  v a n i s h e s .         
T h e  p r o b l e m  m a y  b e  n o r m a l i s e d  b y  r e g a r d i n g  t h e  r a d i u s  a  a s  t h e  
u n i t  o f  l e n g t h .  T h e  d i s c  i s  i n  t h e  p l a n e  z  =  0  w i t h  i t s  c e n t r e  
a t  t h e  o r i g i n  o f  a  c y l i n d r i c a l  p o l a r  c o o r d i n a t e  s y s t e m  ( r ,  ø ,  z )  
a n d  o c c u p i e s  t h e  r e g i o n  0  ≤  r  ≤  1  a f t e r  n o r m a l i s a t i o n .        
A s s u m e  t h e  i n c i d e n t  f i e l d  u 0  t o  b e  i n d e p e n d e n t  o f  ø ,  a n d  t o  b e  
r e p r e s e n t e d  b y  u 0  ( r , z )  a t  t h e  p o i n t  ( r , ø , z ) w i t h  t i m e  d e p e n d e n c e  
e i w t  b e i n g  u n d e r s t o o d  a n d  o m i t t e d  t h r o u g h o u t .  T h e  t o t a l  f i e l d  
~ )R(U  a t  t h e  p o i n t   i s  t h e  s u m  o f  t h e  i n c i d e n t  f i e l d  ~
R ~)R(0u  a t    
a n d  t h e  f i e l d  
~R
)~R(su  a t   p r o d u c e d  b y  s c a t t e r i n g  f r o m  t h e  d i s c .      
B o t h  u  a n d  u
~R
s  a r e  i n d e p e n d e n t  o f  ø  s i n c e  u 0  i s  i n d e p e n d e n t  o f  ø  
a n d  t h e  d i s c  i s  p l a c e d  s y m m e t r i c a l l y  o n  t h e  a x i s  o f  t h e  s y s t e m .  
Then 
  )~R(su)~R(0u)~R(u +=       (1) 
a n d  t h e  f i e l d  u  s a t i s f i e s  t h e  H e l mh o l t z  w a v e  e q u a t i o n  
       .0u)( 22 =α+∇
T h e  s y m a b o l  α  =  k a  i s  a  n o n - d i m e n s i o n a l  n u m b e r ,  b e i n g  t h e  
p r o d u c t  o f  w a v e n u m b e r  k  a n d  d i s c  r a d i u s  a .  T h i s  p r o d u c t  i s  
l a r g e  a t  h i g h  f r e q u e n c i e s .  
A  d i r e c t  a p p l i c a t i o n  o f  G r e e n ' s  T h e o r e m  s h o w s  t h a t  ~ )R(su  i s    
given by 
 













where S is the unit circle,  centre the origin, in the plane  

























)1z,1r(u)1f(r     (3) 
 
i s  t h e  d i s c o n t i n u i t y  i n  t h e  n o r m a l  d e r i v a t i v e  o f  t h e  f i e l d    
across the disc. 
 
I f     i s  a l s o  a  p o i n t  o f  S ,  a n d  t h e  b o u n d a r y  c o n d i t i o n  u  =  0
o n  S  i s  a p p l i e d ,  t h e  f o l l o w i n g  i n t e g r a l  e q u a t i o n  f o r  f ( r
~R






















































































1I−  is the modified Bessel function of order 2









     (7) 
 
J o n e s  s h o w e d  t h a t  t h e  s i n g u l a r  i n t e g r a l  e q u a t i o n  ( 5 )  f o r                
f (w)  can be  wri t ten  as  an  in tegra l  equat ion of  the  second kind               



















+−υ=υ     (8) 
 
Inversion of (7) and application of the condition that f(w)  
should be bounded at the origin shows that 
 























2. THE KNOWN FUNCTION 
 
In  o rder  to  con t inue  the  ana lys i s  the  known func t ion ,  G(v) ,
a n d  h e n c e  t h e  i n c i d e n t  f i e l d ,  u 0 ( r , z ) ,  m u s t  b e  s p e c i f i e d .  F o r 
a  normal ly  inc iden t  p lane  wave  f rom the  nega t ive  z  d i rec t ion  
 
u0  ( r ,  z)  = e - iα z ,       (10) 
 
and so 



















υπα −∫    (11) 
 
The  func t ion  G(v)  does  not  have  a  un i formly  va l id  asymptot ic  
e x p a n s i o n .  S u c h  a n  e x p a n s i o n  w o u l d  b e  n e c e s s a r y  i n  o r d e r  t o        
f i n d  a  s a t i s f a c t o r y  s o l u t i o n  o f  t h e  i n t e g r a l  e q u a t i o n  ( 8 ) .          
S o m e  f e a t u r e s  o f  G ( v )  w i l l  n o w  b e  d i s c u s s e d  w h i c h  g i v e  a n        
i n s i g h t  i n t o  t h e  p r o b l e m a n d  s u g g e s t  a  c o u r s e  o f  i n v e s t i g a t i o n .      
U s i n g  c e r t a i n  i d e n t i t i e s  fo r  B e s s e l  fu n c t i o n s  ( e . g .  Wa t s o n  [1 2 ] )       
w e  ma y  w r i t e  i n  t h e  u s u a l  n o t a t i o n  
 
( ) ( ) ( ),αxηαxeαxηαxeαxΙ3/2x
2














π=αη     (13) 
Using this notation and the exponential form of the cosine  




























































In the first  integral the substitution  
yix)xv( 2
1
22 −=+−  
is  made in order to simplify the exponential.   



























Similar changes in each of the other integrals are made so 
that all  or the exponentials are reduced to the form yiαe− .  

























− +−=υ  (14) 
The contour in the y-plane is i l lustrated in figure 1. 
There are two paths of integration from -v to +v, one being  
above the pole at the origin, and the other below it .  The  
form of the contour and the exponential nature of the  
integrand suggest extending the contour from v to -i∞ .  We  



















)2i(2π)(G                                              (15) 























i n  t h e  o r i g i n a l  c o o r d i n a t e s .  T h e  fu n c t i o n G  (υ )  i s  d e f i n e d  i n   
such a way that when added to G(v) it  completes the contours  
above and below the pole to -i∞ .  This enables a contour  












































yie       (16) 
where ∫ is taken to mean a closed line integral round the pole  
















2i()v(r      (17) 
then 






3. A NEW KNOWN FUNCTION 
 
The known function G(v) has rather complex contours. The sum of  
G(v) and G(v),  however, has simpler contours and to introduce  
these into the integral equation (8) we define a new unknown  
function, F (v),  by 
  F (v)   =   F (v)   -   (G (v)  +  G  (v) ).               
(19) 
The integral equation then becomes 



















1)()( Fg     (20) 
















1)()( GGg   (21) 
The new known function is g(v) which can be expected to be more  
amenable than G(v) since its contours are simpler.   






















1)()( GGg    (22) 












ee2)(G      (23) 
The integral involving G  (-t)  in (22) can then be written 
∫∫∫ −υ+−=−υ+⎟⎠⎞⎜⎝⎛



















G     (24) 
 
















using a result  in the appendix.  
Now, evaluation of (17) shows that 
          (25) v2πy(v) α=
































υ+= G     (26) 
 
Subs t i t u t i on  o f  ( 26 )  i n  ( 22 )  t he n  p roduc e s  e x t e ns ive   
c a n c e l l a t i o n  r e s u l t i n g  i n  a  s i mp l e r  e x p r e s s i o n  fo r  t h e  n e w   























π=υg     (27) 
T h e  f u n c t i o n  g ( v )  i s  t h e r e f o r e  a  s t r a i g h t f o r w a r d  i n t e g r a l  
w i t h  l i mi t s  w h i c h  y i e l d  a  s i mp l e  a s y mp t o t i c  e x p a n s i o n  f o r   
l a r g e  α .  y ( t )  i s  a n  i n t e g r a l  r o u n d  a  p o l e ,  ( e v a l u a t e d  i n   
( 2 5 )  ) ,  a l l  o t h e r  c o n t o u r  i n t e g r a l s  h a v i n g  v a n i s h e d .  T h e   
cancellations are more extensive than might have been  
a n t i c i p a t e d ,  a n d  t h e  r e l a t i v e l y  s i mp l e  f o r m o f  g ( v )  s u g g e s t s   
t h a t  t h e  c o n t o u r  d e f o r ma t i o n s  a n d  t h e  r e s u l t i n g  f u n c t i o n   
y (v )  may  be  i n  some  s ense  fund a me n ta l  t o  t he  p rob l e m.   
Es sen t i a l l y  t he  s ame  known  func t i on  i s  de r i ved  by  Jones  [1 ]   
without the use of contour deformations. The present  
der ivat ion is  perhaps  of  more  in teres t  in  tha t  a  deeper   
i n s i g h t  i s  g i v e n ,  p a r t i c u l a r l y  i n  r e s p e c t  o f  t h e  w a y  i n  w h i c h   






4. THE FIELD ON THB DISC 
 
The function y(v) may be incorporated in Jones'  [1] iteration  
scheme thereby enabling the scheme to start  one stage earlier.   
This il lustrates the fundamental nature of y(v).  The solution  






















































An expression for the field on the disc, f(w), can be found  
from equations (9),  (18), (19) and the iteration scheme above.  
We may write 
∑∞=+= 1k )w(kf)w(0f




















































The term involving g(-v) in (33) is similar to the left  hand  
side of (26). A similar analysis,  allowing for the pole at  


































αυ−∞−υα− ∫∫    (35) 
where the integral on the left  hand side and the first  integral  
on the right hand side are principal values. Substitution of  















































     (36) 
In considering the expression (34) for f (w) we change the 































0 < w < 1, t > 0, (Jones [1],appendix B), 
















     (37) 
The expression for f0(w) and fk(w), k ≥ 1, given by (36)  
and (37) are now of the same form, and so 
∑∞
=0k
















5. THE FAR SCATTERED FIELD. 
 
The scattered field )~R(su  is given by equation (2).  In general                              
the integral is complicated. However, if   is assumed to be far                        
from the disc a useful approximation can be made. Then, using                  

















1~)~R(sU    (40) 
Let 
      (41) ∫ θα=θ 10 0 dw)w(J)w(wf)(F sin








−       (42) 










θα=θ ∫ sin  
















+∫      (44) 
after substituting for fk(w) from (39). 
F(θ) can be written in a modified form which is more convenient  
to use. To do this it  is necessary to return to the iteration scheme. 
Equation (31 ) arises from the solution of an integral  


































This equation, among others, has been considered by Jones  
in [4] and [5] Multiply through by Jo(αvsinθ) and integrate  
from 0 to ∞. Then, after reversing the order of integration  
on the left hand side and changing the sign of v in the second  




















If the inner integral is now completed with an indentation  
above the pole at v = w its contour may be deformed upwards 
without contribution, provided | sin θ | <1. Hence 
∫∞ =θα0 0k dw)sinw(J)w(Ψ  









1     (45) 
(The author is indebted to Professor W.E.Williams for a  
shortened proof of this result).  







0k0k∫ ∫∞ ∞ θα−θα=  










   ∫∞ θα− 1 0k ,dw)sinw(J)w(Ψ


































































∫ ∞+ α+ θα−ψ⎟⎠⎞⎜⎝⎛ −π−    (47) 
 
after deforming the contour of the first integral of the  
right hand side onto the negative real axis and then changing  
the sign of w. 
Comparison of (46) with (47) shows the similarity between  
the first terms on the right hand side of each equation.  
Substitution of these two relationships back into (44), the  
expression for Fk(θ), shows that cancellation will occur down  
the iteration scheme. Hence, 
∑∞= θθ 0k )(kF~)(F  
∫ −θα10 00 dw)w(J)w(Ψ~ sin  































+    (48) 
  
15. 
It  is therefore apparent that there is no contribution to the 
far field fr  the  om the centre of the disc, except perhaps from
first  term. However, 
     ,θ)sin(α1Jsinθ
2i1
0
dwθ)sinw(0J(w)0Ψ =∫ α      (49) 
there being no contribution from the lower limit.  The far field  
as a whole is therefore determined entirely from conditions at  
the edge of the disc. 
The first two integrals in (48) will be called the aero order  
contribution to F(θ) and subsequent pairs of integrals for each  
k will  be called the kt h  order contributions.  
The only restriction which applies to F(θ) so far is that  
|  sinθ  |  < 1, (c.f.(45) ). This means that the expression  
cannot be used to find the field in the plane of the disc.  
In order to proceed to the asymptotic evaluation of the second  
and subsequent integrals in (48) it  is necessary to consider  
three regions in which the field may be required. The first  
region is that at or near the axis of symmetry, such that  
|  α  sin θ |  < < 1. An important particular case of this is the  
far field along the axis of symmetry, which gives the  
scattering cross section of the disc (Jones [1]).  The field  
in this region may be determined by using the series forms  
of the Bessel functions. The second region is that in which  
α  sin θ  is neither very small nor very large. This requires  
special attention as a transition region, and will not be  
considered here. The third region is that in which |α  sin θ |  > >1,  
and at  high frequencies this is  by far the largest  region. In  
this region the asymptotic forms of the Bessel functions may be  
used in the integrals.  This third region is  the one considered  





6. THE ZERO ORDER CONTRIBTPION TO F( θ ). 
 
I n  o r d e r  t o  f i n d  t h e  f a r  f i e l d  i t  i s  n e c e s s a r y  t o  c a l c u l a t e   
F (θ )  i n .  d e t a i l .  T h e  z e r o  o r d e r  c o n t r i b u t i o n  i s  g i v e n  b y  









∫ ∞+ α θα−ψ⎟⎠⎞⎜⎝⎛ −π−    (50) 
At high frequencies, away from the axis of symmetry,  
|α sinθ | > > 1 and an asymptotic form of the Bessel function may  
be employed. The particular form used is 


































~     (51) 
The first integral of the zero order field has been found 
in (49) and 30, using (51), 
~dw)sinw(J)w(Ψ
1
























⎛   (52) 
The second integral of the zero order field may be written 










































Use of  the asymptot ic  form of  the Bessel  funct ion and some  
fa i r ly  s t ra igh t fo rward  ana lys i s  shows  tha t  the  inner  o f   










∫ ∞+ α− θα⎟⎠⎞⎜⎝⎛ −
( )
( )












































−−θ−α−+ (     (54) 
Substitution of this result in (53) and inversion of the  



















ixe m  
After substituting into these integrals the expression for  
Ψ 0(t) from (29) they may be asymptotically evaluated to  
complete the evaluation of (53). Hence 

















































































  −−−−+−+ − ]})sin1(1{]})sin1(1{[
321
11 sin sin 2323 θαθα θθ ii eie  





I t  i s  no ted  tha t  the  te rms  of  (52) ,  the  f i r s t  in tegra l  in  
the zero order contribution, correspond exactly with those 
te rms  or  {55)  co in ing  f rom the  f i r s t  1  of  }.)sin1(1{ 2
1r+θ±−  
In the zero order contribution as a whole there is complete 
cancellation of the first integral with part of the second 








































































































































7. AN ASYMPTOTIC FORM OF Ψk(w) 
 
 
T h e  k t h  o r d e r  c o n t r i b u t i o n  t o  F (θ )  i s  g i v e n  b y  
     −∫∞− 1 dw)θsin w(α0J(w)kΨ














T o  e v a l u a t e  t h e s e  i n t e g r a l s  i t  i s  n e c e s s a r y  t o  c o n s i d e r  a  s u i t a b l e   
f o r m  o r  Ψ k ( w ) .  I t  i s  n o t e d  t h a t  i n  t h e  f i r s t  i n t e g r a l  w  ≥  1 .   
I n  t h e  s e c o n d  i n t e g r a l  ψ k + 1 ( - w )  o c c u r s ,  w h i c h  m a y  b e  e x p r e s s e d  
a s  a n  i n t e g r a l  o f  Ψ k  f r om 1  t o  1 -  i∞  b y  ( 3 0 ) .  I n  e a c h  c a s e  t h e   
modulus  o f  the  a rgument  o f  Ψ k  i s  g rea te r  than  o r  equa l  to  un i ty .   
This  knowledge  may be  used  to  f ind  an  asymptot ic  form of Ψ k (w)  
F r o m ( 3 1 )  


















122 ααυ−ααυ−υ=υ  
T h e  f u n c t i o n  M ( v , w )  h a s  p o l e s  a t  v = ±  w ,  a n d  s o  Ψ k ( w )  
i s  a  p r i n c i p a l  v a l u e .  I t  m a y  b e  a s s u m e d  ( J o n e s  [ 1 ] )  t h a t  Ψ k ( v )   
i s  r e g u l a r  i n  t h e  r e g i o n  R e ( v )  >  -  1  o f  t h e  c o m p l e x  v  p l a n e   
a n d  i s  b o u n d e d  a s  |  v  |→  ∞  i n  t h i s  r e g i o n .  C o m p l e t i o n  o f   
t h e  c o n t o u r  o f  i n t e g r a t i o n  w i t h  a n  i n d e n t a t i o n  b e l o w  t h e  p o l e   



























The contour can now be deformed onto the negative imaginary  






















  { } dv)w(J)v(Kw)w(J)v(Kv
wv
w
100122 αα−αα+×  
 
( ) ( )




























       
























)i(   
























−+++× +  
 
a f t e r  a s y m p t o t i c  e v a l u a t i o n  o f  t h e  i n t e g r a l .  T h i s  f o r m  o f   






8 .  T H E  k t h  O R D E R  C O N T R I B U T I O N  T O  F (θ ) .  
 
I t  i s  n o w  p o s s i b l e  t o  p r o c e e d  w i t h  a  d e t a i l e d  c a l c u l a t i o n  
o f  t h e  k  o r d e r  f i e l d  w h i c h  i s  g i v e n  b y  t h e  t w o  i n t e g r a l s  















w1    (58) 
In considering the first  integral  the asymptotic form of Ψk(w) 
can he employed since w ≥  1.  The result ing integrals may  
then be evaluated asymptotically after some straightforward  
but tedious analysis to give,  
~dw)sin w(J)w(Ψ1 0k∫ θα∞  
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The second integral in (58) can also be evaluated 





















































































































































































































































































































































⎛+          (60) 
When  the  two  in tegra l s  o f  the  k t h  o rde r  con t r ibu t ion  a re   




of the second in a similar manner to the cancellation which  
occurred in the zero order contribution to F(θ). An  
asymptotic development of the kt h  order contribution is  
therefore given by 
 















































































































































































































































9. THE FIRST AND SECOMD ORDER CONTRIBUTIONS 
 
A n  i n t e g r a l  f o r m  o f  t h e  f a r  f i e l d  h a s  b e e n  d e r i v e d  i n  
s e c t i o n  5  a n d  t h e  i n t e g r a l s  i n v o l v e d  c o n s i d e r e d  i n  s e c t i o n s  6 ,  
7  a n d  8 .  T h e  z e r o  o r d e r  c o n t r i b u t i o n  i s  g i v e n  b y  ( 5 6 )  a n d  t h e  
g e n e r a l  k t h  o r d e r  c o n t r i b u t i o n  b y  ( 6 l ) .  T h i s  l a s t  e q u a t i o n ,  
however ,  i s  in  te rms  of  ψ k  and  i t s  der iva t ives  and  so  expans ions  
of  these must  be found.  












∫ ∞− α−+ ψυ+⎟⎠⎞⎜⎝⎛
−=υψ      (62) 
 
The funct ion ψ 1 (υ )  therefore  involves  ψ0 (w) which is  known.   
Asymptotic evaluation of the integral then gives, 







































 ( ).O 27−α+           (63) 
Hence, 




















πψ π  











































πψ π  




















π−ψ π  
                                                                                                                                      25. 
 
 
Equation (62) shows that ψk+1(υ ) is an integral of ψk(w)                        
and the range of integration is such that |  w |  ≥  1.  The                    
asymptotic form of ψk(w) may therefore be used and so ψk+1(υ )        
becomes a function of ψk and its derivatives. Some fairly       

































































ψ−       (64) 
Use of this result and the expressions for ψ1 above give  












































If the expressions for ψ1 , and ψ′ 1 , are now substited into  


















































































































































































































































































dwwsin θ(0(w)J0ψ1  
 .)O( 2
7−α+              (66) 
Subsequent orders may be neglected if the degree of  





10. AN EXPLICIT FORM OF THE FAR SCATTERED FIELD. 
 
An integral form of the scattered field, us ~(R)  , is given 







−        (67) 
 
where F(θ) is given by (48). The zero, first and second order  
contributions to F(θ) are given by (56), (65) and (66),  













































































































































































































































































































































































Equations (67) and (68) together give an expression for the  
scattered field which is  independent or φ  and is  subject  to  
the  res t r ic t ions  tha t  R 1 and  >> 0≠φ  o r  
2
π .  These  a re  the   
condi t ions for  a  far  f ie ld  off  the axis  of  symmetry and  
away from the plane of the disc. 
 
Keller [7],  and Karp and Keller [6],  have given the leading  
terms of both the singly diffracted field and the doubly  
dif f racted f ie ld .  The leading term of  the s ingly diffracted  
f ie ld  agrees  with  the f i rs t  term of  the zero order  f ie ld  in   
the present work, after a change of notation. The leading  
term of the doubly diffracted field agrees with the first   
term of  the f i rs t  order  f ie ld .  The resul ts  of  Kel ler 's   
approximate theory therefore agree with those of the present  
work, which are, however, more extensive and contain terms  
not  included in  Kel ler 's  theory.  
I t  should be noted that  Jones '  i teration scheme gives  
i terates which correspond to fields produced by multiple  
d i f f rac t ions .  The  k t h  i t e ra te  cor responds  to  the  f i e ld   
produced af ter  k  diff ract ions across  the disc ,  the  zero  
order field coming directly from a single diffraction of the  
incident field. 
   ______________________ 
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We  h e r e  c o n s i d e r  t h e  i n t e g r a l ,  
   










−∫     (A1) 
 
w h e r e  x  i s  a  p o i n t  o n  t h e  n e g a t i v e  i ma g i n a r y  a x i s .  

























−∫βπ−       (A2) 
Take branch lines from 1 to +  for (1 - t  )∞ 2
1
 and from - ∞   
to  0  for  t 2
1
.  I f  β  >  0  we extend the contour  of  integrat ion 
above the branch lines. The right hand side of (A2) may 









































































+∫π     (A3) 
 
after the first  integral is deformed upwards to +i ∞  
without contribution. If β  < 0 we extend the contour 
























































The first  contour may be deformed downwards to - i  ∞ .  In  
do ing  so  i t  loops  round the  s ingular i ty  a t  t  =  x  on  the   






































    (A4) 













































      (A5) 
 
Taking an inverse Fourier transform gives back the original  
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